We propose an exactly solvable model of soliton-based pulse control that describes the physically important situation when the soliton period is much longer than the length of the coupling region in a nonlinear fiber coupler. This case can occur, e.g., in fused-fiber couplers. We demonstrate that the problem of soliton interaction and switching in such a coupler can be reduced to a linear relation between the fields before and after interaction. The soliton states can be found by solution of two Zakharov -Shabat eigenvalue problems associated with a pair of decoupled nonlinear Schrödinger equations. Various regimes of soliton control, switching, and splitting in this model are discussed. In particular, we show that perfect pulse switching from one arm of the coupler to the other resembles the switching of continuous waves in linear couplers, whereas the phase-controlled switching of solitons is similar to that in nonlinear directional couplers. We also describe other schemes of soliton control, including pulse compression through fusion of two fundamental solitons.
INTRODUCTION
Since nonlinear directional couplers were proposed as building blocks for all-optical processing, 1 they have been the subject of intense theoretical and experimental research (see, e.g., a review paper 2 and references therein). One important idea in nonlinear switching is to use soliton pulses, which maintain their shape in the presence of weak perturbations, as they are supported by the balance between dispersion and nonlinearity effects. Soliton switching in nonlinear directional couplers has attracted particular interest (see, e.g., Refs. 3 -6 and a review paper 7 ). Most soliton couplers analyzed to date assume permanent coupling between the modes of a nonlinear twin-core optical fiber. Twin-core fibers have the attractive feature of simplicity, and there has been analysis addressing the splicing of two separate single-mode fibers into a twin-core connector. 8 However, if the soliton period is much larger than the coupling region, the modal interaction cannot be described by a simple model of a nonlinear directional coupler with a constant coupling coefficient. This is exactly the case of linear fused-fiber couplers, which are important components in linear fiber communication systems and have been also analyzed for nonlinear cw switching (see, e.g., Ref. 9) . Recently nonlinear fused-fiber couplers were suggested for use in soliton-based optical systems. 10 In this present paper we propose a theory of such soliton couplers for the important case when the soliton period is much longer than the coupling region of the coupler. We show that the problem may be effectively reduced to an exactly solvable model that permits the application of an inverse-scattering transform elaborated for the standard (one-component) nonlinear Schrödinger (NLS) equation.
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Our results show the possibility of a solitonbased scheme for optical switching in which controlling, conversion, compression, and splitting of pulses uses fused-fiber couplers and the fundamental ideas of linear theory for mode switching and conversion.
The paper is organized as follows. In Section 2 we present our model based on local coupling and show how it reduces to a pair of initial-value problems for two uncoupled NLS equations, with the initial conditions defined by the linear coupling relations. Section 3 gives a brief summary of the results of the initial-value problem for the NLS equation. Specific examples of soliton switching, splitting, and conversion are presented in Section 4, where a comparison between linear and nonlinear couplers is included. Section 5 concludes the paper.
LOCAL COUPLING APPROACH
In normalized units, pulse propagation in the anomalousdispersion regime of a twin-core nonlinear coupler is described by two coupled NLS equations 3, 7, 10 :
where u and v are the two modes of each core that forms the coupler and the coupling coefficient between the modes, C͑z͒, varies longitudinally. One can achieve spatial variation of C͑z͒ by making a nonlinear coupler from two single-mode fibers that are fused at one location (see, e.g., Ref. 8) . Thus the coupler itself is formed by two arms (fibers) that converge until they reach a minimum separation and then diverge again (see Fig. 1 ). This type of fiber coupler resembles the so-called X junction, which is well known in the linear theory of mode conversion. At this stage we note that, depending on the amount of fusion (and reduction in the outside diameter) between the two fibers, there is a possibility that the dispersion may change significantly (see, e.g., Fig. 3 (1) and (2)], assuming that the coupling region is short enough in comparison with the soliton period. Taking into account a coupling region of any finite length will require taking into account the effect of the varying dispersion in the region of the fusion.
It is clear that such a coupler may be modeled as a directional coupler with C͑z͒ constant, provided that the soliton period is much shorter than the coupling region. Here we consider the opposite situation and assume the soliton period much longer than the coupling region. If the propagation distance z along the fiber is measured in units of the soliton period, z 0 ͑pT 2 ͒͑͞2k 2 k 0 00 ͒, where T is the pulse duration (in seconds) and k 2 ln͑ p 2 1 1͒ ഠ 1.763, k 0 00 being the group-velocity dispersion (in square seconds per meter). For the typical soliton-pulse experiment, when T is of the order of a few picoseconds and k 0 00 2 3 10 226 s 2 ͞m, the soliton period is much longer than a typical fused region of the coupler (of the order of a few millimeters). Thus we may consider the coupling in Eqs. (1) and (2) to be local, by setting C͑z͒ K ‫ء‬ d͑z͒, where d͑z͒ is the Dirac delta function and the parameter K ‫ء‬ is defined through the following relation:
Thus K ‫ء‬ is the integral product of the coupling strength C and the length of the coupling region D, i.e., K ‫ء‬ ഠ CD, and it is assumed that D , , z 0 but K ‫ء‬ ϳ 1.
For local coupling the mode interaction is significant only in the vicinity of the point z 0, where Eqs. (1) and (2) reduce to the system of linear equations
which have the conserved quantity v 2 2 u 2 . Using one of the Eqs. (4) (4) to obtain the relations between the pulse shapes before ͑u 2 , v 2 ͒ and after ͑u 1 , v 1 ͒ interaction:
where u 6 ϵ u͑60, t͒ and v 6 ϵ v͑60, t͒. This result shows that complete switching from one arm of the coupler to the other occurs if K ‫ء‬ ͑p͞2͒͑2n 1 1͒, n 0, 1, . . ., and in this case u 1 6iv 2 and v 1 6iu 2 [see, e.g., Fig. 2 (a)]. For K ‫ء‬ fi p͞2 the interaction is more complicated, but such a (local) coupler can also work as a soliton splitter. In particular, if the pulse is launched into only one arm (i.e., v 2 0), then after the interaction it generates soliton pulses in both of the arms, with
These two types of pulse dynamics, i.e., switching and splitting, resemble the well-known behavior of continuous waves in linear directional couplers. For the model of a linear directional coupler with C͑z͒ C 0 constant and ignoring the dispersion effects, we can reduce Eqs. (1) and (2) to
which have the solutions
where a and b are complex constants defined by the initial conditions a u͑0͒ and b iv͑0͒. It is clear that, for fixed z, Eq. (7) looks like Eq. (5), provided that a ! u 2 and b ! iv 2 . Therefore all the features of linear couplers are preserved for the pulse switching in our model. However, the functions u 2 and v 2 in Eqs. (5) are not the amplitudes of the cw modes a and b as in Eqs. (7), but they are pulses. This accounts for the difference between pulse (7) can also be applied to describe pulse switching in linear directional couplers, in the pulses' reference frame. This explains the fact that, when the coupling region is much shorter than the soliton period, interaction is essentially linear. However, the important feature of our model is the solitonlike nature of the pulses, which are undistorted in fibers only in the case of a perfect balance between nonlinearity and dispersion effects. Indeed, the pulses created after the switching and local mode interaction are not exact solitonlike pulses, and, generally speaking, they create solitons with parameters different from those of the input soliton pulse. In particular, we may achieve position-mismatched switching [see Fig. 2(c) ] when the coupler works as a soliton generator producing two solitons, one in each output arm of the coupler. As we show below, for certain values of the system parameters, complete fusion of two fundamental solitons into a single (but narrower) soliton occurs that may be useful for soliton compression. Another possibility for pulse control is to change the soliton pulses by simple phase-controlled switching, as shown in Fig. 2(e) . We can investigate analytically all these possibilities for soliton control in the fused coupler by solving the initial-value problems for the two NLS equations, using the initial values of u 1 and v 1 defined in Eqs. (5) . The focus of the present paper is not to discuss particular cases for soliton switching and control but merely to point out this practical class of coupling interaction between solitons and to give a general guide to solving all problems of this kind. This question is addressed in Section 3. 
INITIAL-VALUE PROBLEM
The analysis presented in Section 2, for z . 0, reduces the problem to a standard initial-value problem for two uncoupled NLS equations that describe the evolution of the u and v fields. Consider one of those equations,
with u 1 ϵ u͑10, t͒ denoted simply by u͑0, t͒. The analogous problem for the v component has the initial pulse v 1 ϵ v͑10, t͒ defined in Eqs. (5) . In the inversescattering technique the determination of the pulse evolution generated by the initial function u͑0, t͒, including the solitons and their parameters, relies on the solution of the Zakharov -Shabat eigenvalue problem 11 for the auxiliary vector function with components ͑c 1 , c 2 ͒:
where the effective potential u͑0, t͒ (which falls off fast enough as t ! 6`) is the initial condition of Eq. (8) at z 0. Each discrete eigenvalue l n j n 1 ih n of Eqs. (9) corresponds to a soliton with amplitude 2h n and velocity 24j n , and
whereas the continuous spectrum of Eqs. (9) corresponds to radiation modes. The information about the behavior of solutions for z . 0 is contained in the so-called Jost coefficients a͑l͒ and b͑l͒ that describe the amplitudes of the scattering c waves in the framework of the inversescattering technique. In particular, the zeros of the function a͑l͒, i.e., the roots of a͑l͒ 0, can be shown to be discrete eigenvalues l n of the spectral problem of Eqs. (9).
11
Thus determination of the soliton parameters for the particular input pulse u͑0, t͒ requires calculation of the coefficient a͑l͒ of scattering problem (9) and its zeros.
The general condition for solitons to be created by an initial pulse may be derived for real, positively defined potentials u͑0, t͒, which are typical for generating optical solitons. We also note that an arbitrary constant phase, u ! u exp͑ia͒, may be trivially included by setting c 2 , c 2 ! c 2 exp͑2ia͒. As in Refs. 13 and 14, the threshold condition for soliton generation may be found by analysis of the function a͑l͒ at l 0. The formal solution of eigenvalue problem (9) at l 0 can be expressed in the general form 14 c 1 ͑0, t͒ exp͓iS͑t͔͒
where C 1 and C 2 are constants and
Using Eqs. (11) - (13), we can determine the transition matrix for the scattering data and, in particular, find the Jost coefficient a͑l 0͒ as follows 14 :
where
Using straightforward transformations, we obtain
so that the threshold condition for soliton generation can be written as S 0 $ p͞2. The total number of solitons created by the pulse u͑0, t͒ is then given by
where ͗ ͘ denotes the integer part. Thus, under the condition that
where the modulus is introduced to include an arbitrary (constant) phase in the input pulse, at least one soliton will be created. This condition, first formulated in Ref. 14, generalizes the well-known result of Satsuma and Yajima 15 for an input pulse of the form u͑0, t͒ A sech͑t͒.
SOLITON SWITCHING, FUSING, AND SPLITTING
For a pulse launched initially into only one arm of the coupler (i.e., v 2 0), condition (18) requires that cos K ‫ء‬ $ 1͞2 and sin K ‫ء‬ $ 1͞2 for the creation of two solitons, one in the same arm and the second in the other arm. Thus the fused coupler will work as a soliton splitter, provided that p͞6 , K ‫ء‬ , p͞3, and will create two soliton pulses from one, i.e., a soliton in each output arm [see Fig. 2(b) ].
In the case when two solitons are launched into each input arm of the coupler, those solitons may generate new ones after the interaction. In particular, input soliton pulses with a relative phase f, defined by
lead to output pulses with the intensities
clearly displaying dependence on the relative phase f. Such phase-sensitive switching of pulses is also expected to exist in a linear coupler described by Eqs. (6) and (7). However, for the case of solitons, one important physical problem is to define the conditions when the output pulse will become a soliton. This is direct consequence of the threshold nature of soliton generation in optical fibers.
14 For instance, if K ‫ء‬ p͞4 and f p͞2, the two input solitons will produce a larger soliton in arm v and only radiation (no soliton) in the other arm, u [see Fig. 2(d) ]. When a relative position mismatch dt is introduced into the input soliton pulses, the soliton interaction becomes even more complicated [see Fig. 2 (c) as a particular example], but it can be still readily analyzed by means of the Zakharov -Shabat inverse-scattering transform. To support our theoretical predictions, we have integrated Eqs. (1) and (2) numerically with localized intermode coupling defined by C͑z͒ C ‫ء‬ for jzj # D͞2 and C͑z͒ 0 otherwise, choosing relatively small values of D. The simplest case [shown schematically in Fig. 2(a) for a single soliton] occurs when a fundamental soliton is launched into one of the arms, as shown in Fig. 3(a) ; Fig. 3(b) shows two-soliton switching in the same coupler. According to Eqs. (5), if K ‫ء‬ ϵ C ‫ء‬ D p͞2, complete switching between the arms should be observed. Indeed, as is clear from Fig. 3 , the coupler does not split the pulses; instead, it switches them from one arm to the other, the result being similar to that from the standard linear coupler.
More-complicated pulse dynamics are presented in Fig. 4 for the case K ‫ء‬ p͞4. Two identical soliton pulses are launched into the two arms of the coupler with the relative position mismatch dt. The coupler produces two pulses separated by the same distance but with phase difference p͞2. The number of solitons (one or two) depends on the mismatch parameter dt. Figure 4(a) shows results of the direct integration of Eqs. (1) and (2) 
We have applied a numerical method to solve the direct scattering problem similar to that used to analyze radiation emitted by scattered beams in a nonlinear slab waveguide 16 (see also Ref. 17 and the recent work 18 in which this method was applied to a perturbed NLS equation) and have determined the (complex) eigenvalues l n of the scattering problem numerically. Figure 4(b) shows the normalized soliton amplitudes a n ϵ 2 Im l n as a function of the parameter dt for the soliton(s) created by the input pulse u͑10, t͒, as calculated from the numerical solution of the Zakharov -Shabat eigenvalue problem. It follows from these results that there is a critical value of dt (ഠ3.84) that corresponds to the creation of the second soliton in each arm, as shown in Fig. 2(c) . The case dt 5, displayed in Fig. 4(a) for direct simulations, corresponds to the splitting of an input soliton into two output solitons in each arm [cf. Fig. 2(c) ]. From Fig. 4(b) it follows that the amplitudes of these solitons are approximately 0.2 and 0.6, in agreement with direct simulations.
We have also carried out a series of numerical calculations for other values of K ‫ء‬ , dt, and f. All of them display reasonable agreement with the results of direct numerical integration of Eqs. (1) and (2), even for values of D that are not small. In Fig. 5 , as a particular example, we compare the results for soliton fusion and compression [shown schematically in Fig. 2(d) Thus we conclude that a coupler with a rather short interaction region the pulse interaction is essentially linear and the result of soliton switching is actually determined by the initial-value problems for a pair of NLS equations, with the initial conditions defined by Eqs. (5) . The features of the nonlinear mode (soliton) conversion are then defined in terms of soliton generation by such transformed pulses, leading to a broad set of possibilities for soliton transformation, control, and switching. We would like to mention that particular cases for soliton switching and control that have merely been mentioned in this paper may be analyzed in a similar fashion.
CONCLUSIONS
In conclusion, we have considered soliton control, switching, and splitting in nonlinear couplers for the physically important case when the soliton period is much longer than the length of the coupling region of a fusedfiber coupler. We have shown that this kind of soliton coupling can be described by an exactly solvable model, which permits investigation of soliton switching, interaction, and splitting in terms of the inverse-scattering transform based on the Zakharov -Shabat eigenvalue problem. Conditions for the soliton control formulated here may be useful in the design of the soliton-based switching devices that use fused-fiber couplers. As a matter of fact, the main idea of the present paper has been not to discuss particular cases for soliton switching and control that certainly are important for applications but simply to point out this practical class of coupling interaction between solitons and to give a general guide on how to solve all problems of this kind.
